HER N2 FLAFERERARE

#8: L@EpE (2=R ' %—R)
MAER — Rt AR (RERMB+ ~ — X~ 5% ~/ MR MC ~ M+ ~ M-38
Eohre)

MAF X RFEXFLHT > o hRian -
KEFRBEFAUNELRBE LR TEME -

— ~ (20%) In Fig.1, three interconnected blocks are pulled to the right on a
horizontal frictionless table by a force of magnitude 73 = 65.0 N. Given that
m; =12.0 kg, mz = 24.0 kg, and m3 = 31.0 kg, calculate (a) the magnitude of the
system’s acceleration, (10%) (b) the tension 77 (10%)

Fig.1

= ~ (20%) Fig. 2 illustrates a conical pendulum, wherein the bob (the small object at
the lower end of the cord) moves in a horizontal circle at constant speed. (As the
bob rotates, the cord sweeps out a cone shape) The bob has a mass of m, the
string has length L and negligible mass, and the bob follows a circular path of
circumference 27r. Determine (a) the tension in the string (10%) and
(b) the period of the motion? (10%)

P R R R R R
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=~ (20%) A simple harmonic oscillator (S.H.O.) consists of a mass m coupled to a
spring with Hooke's constant £. The equation of motion is given by
F=m dv/dt = —k x,where v is the velocity of the object. (a) Prove that
-;-mvz + —;— kx? is constant.(10%) (b) Please sketch a diagram in the phase

space (x, p) for the aforementioned case. Where the linear momentum p = mv

(10%)

79 ~ (20%) The Carnot Cycle is an ideal thermodynamic cycle. Considering the
given P-V diagram, there's a working machine with a cycle A>B—C—D—A
and a chamber containing 10 mol of ideal gas. The AB and CD curves represent
isothermal processes, while the BC and DA curves represent adiabatic processes.
Assuming T, = 2T, and V¢ = 8V, and given the gas constant R, please
determine
(a) the total work done, Weyele, (10%) and

(b) the thermal efficiency, # (10%).

P
4

Fig.3

A~ (20%) Light with a wavelength of 200 nm falls on an aluminum surface with a
work function of 4.2 eV. (a) Determine the stopping potential. (10%)
(b) Calculate the cutoff wavelength. (10%)

(RAMREHE)
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#8:EFHE (2=R ' %-R)
T4 A — st EAR(RAERMG+ ~ — X~ ++% ~y ~MR~MC~ Mt ~ M35 37

L
Aa

—~ (B30 )~ HEAMMB TFTHREREAE S0 x<ath BRSMLIEH N

Bx, 0<x<a/2
B(a—x),a/2<x<a

-ﬁ—%ﬂ&é‘&@ﬁiﬂ%qj(x, 0) :{ : ’jiﬁi .

(—)F— %8B - (10 %)
(=¥ xt) ° (10 %)

(Z)35 B b T R 7 & TR 3 43 A5 9 5 A& (ground state) s # % - (10 &)

(B30 )~ HEAMR FRREGE-—BHEVE) == mw2x2+ﬁx‘%’
Efoh B RARE TAMBEN LATEMIEN R - £ —HHBIRFH

1

i

AHFITRRINMRAEFERAINNAMESE » THREHA =

2mhw

\/;x ARG = —i\[;n;ﬁ+ﬁ—-;’f R PDPREBEMN > an) =

Valn—=1) atin) =vn+1ln+1) -

(—)XA|0)Fo|1) 18 e 1% > Ak sk T4V (R) ¥ 49 Hamiltonian 2 X 245 -
(10 2)

RARL T AV (R 5 6 K

:mx-
f crvr

L B Y
(=) A #AE & (eigenenergy) ° (10 4°)

(=) AL AR &) Z (eigenstate) ° (10 4)

(%TFR)
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#E R0 (2=R>$=7)

=~ ARLER TR A RESS 4 [F 28 A& (coherent state)|a) » Brd|a) = ala) o
#la) = Zn=0 Cpln) - H %l %it"ﬁﬂjcnzl « (20 4)

-~ RIEES Ehrenfest»”iﬁ%(é) —([H 0])+(~)&‘<%$%%&%ﬁ%ﬁ%ﬁ£

1 A2H G e K w35 B = B2 ¥ 4 Larmor i# #(Larmor precession)’ £ + 0 %4
FH% > HA Hamiltonian £ > t %M - EEF0mE i Al A %A S
FEAASOMGBAL=yS R Py RAGLFH FH AL MEAGC LA R
WA Ay SHFR M - (20 o)

(RAEREHR)
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#8 e (2=R'%—R)

T — B HAMREEB+ - — X~ 5% ~ MR~ MC~ My ~ M-38 H5
AE)

WP X RAXEEHT > R EE

ORI HUEH RIkHhiBE 0 BAZRMAE -

; 1< .
1. (15 points) For eachn > 1, definea, = — E cos—. Prove that{a, } is convergent and
R =

evaluate its limit.

2. (15 points) Prove or disprove the following statement; If Z a, is absolutely

n=|

convergent, then Z sina, is convergent.
n=|
3. (15 points) Determine whether the improper integral I sin (e’“ )dx is convergent or
0

divergent.

1
4. (15 points) Leta, = [(1—x?) dx forn > 0. Find the radius of convergence of the
p ” 1
0

. n
pOwer series Z ax .
n=0)

2
5. (10 points) Find the length of the arc of the curve p= %—-i—ln x from point

P= (1,%}0 pointQ(S,

6. (10 points) Letu:/ — R’be a twice differentiable vector function defined on an
open interval / . Suppose thatu satisfies the second order ordinary differential
equationu"(f) = cu, where c is a nonzero constant. Prove that there exists a vectorh

50—1115]

in R’such thatu(¢)xu'(z) =hfor all¢ e / . Herexis the cross product between

vectors inIR> .

(#%TFR)
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(10 points) A function f : R’ \{(0,0,0)} — R is a radial function if there exists a
function g :(0,00)—> Rsuch that f(x, y,z) = g(r)wherer = \[m . Find all
twice differentiable radial functions f defined onR’ \{(0,0,0)} such that
fn+fvy+fu =] .

(10 points) Evaluate the double integral H sin(\)x2 +y° )dA ,where D is the closed
D

unit disk centered at the origin.

(RAMRA4E)
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#8 AR (2—RA ' %—8)
TR — At EMREEB+ ~ — v x~+% vy MR~ MC~ Mt ~ M-38 K 5
4

AT X RHEXEHT > kiR o

.

Notation: R is the set of real numbers. For each positive integer n, denote by M,,(R) the set of

all n-by-n matrices with entries in R. Let 0,, be the zero matrix in M, (R), and I,, be the

identity matrix in M, (R). .

L. (15pts) Let V be a vector space of dimension 6 over R, and {e,, ..., e} be a basis of V. Let
T,T":V — V be two linear transformations satisfying that for 1 < i < 6,

i +4, ifi <2,

T(e;) =e; —ey, where i' = {i _2 ifi> 2

and

6 L
2112, ifi+j <8,
T'(e) = }Z; ajiej,  where a; = {2i+j—8, ifi+j>8.
Put L =T oT":V — V. Find a basis of the null space of L and a basis of the range of L

(expressing as linear combinations of ey, ..., eg).

2. (15pts)Let
4 7 5 -4 -6 —4
A:[—B -6 -5 and B=[3 7 6 |

3 7 6 -3 -9 -8
(1)(Spts) Verify that AB = BA.
(2)(10pts) Find an invertible matrix U € M3(R) such that U~*AU and U~-1BU are both

diagonal matrices.
3. (20pts) Let

0 -1 0 0 0 0 0 -1
11 1 0 o0 {1 0 0 2
A=lo 1 o0 —1| ™ B=|g 1 o S5
0 0 1 1 0 01 2
Determine whether there exists an invertible matrix U € M,(R) such that U~1BU = A. If such

amatrix U exists, find one.

(%TFR)
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4. (15pts) Prove or disprove that there exists a matrix A € M;(R) satisfying that
A*+ A2+ A2+ A+ 13 =0,
5. (15pts) Let V be a finite dimensional vector space over R, and T,T":V — V are two linear
transformations. Suppose that a real number A is an eigenvalue of T o T". Prove or disprove that
A is also an eigenvalue of T/ o T.
6. (20pts) Let V be a vector space of dimension n over R, and let T:V — V be a linear
transformation. Suppose n > 2. Show that there exists a 2-dimensional subspace W of V

which is T-invariant, i.e. T(W) € W.

GRAEMmREaw)
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A
Ha

PRI T X RFE B[ T » st k#apF -

—

i

(44515 % )Let X and Y be i.i.d. standard normal random variables, and let

(R, 9) be the polar coordinates of the point (X,Y). In other words, R is the

length of the vector (X,Y),and 6 is the angle between the line segment from

(0,0) and (X,Y) andthe x-axis(where 0 < © < 27).

A. (3 %) Find the joint probability density function of (R, ©).

B.(2 %) Are R and © independent?

C. (10 %) Find the marginal probability density function of R , and compute
E[R].

(4% 15 4 )Let X and Y be i.i.d. exponential random variables with
parameter 1. Define Z = X - Y. Show that the probability density function
of Z isgivenby f(z) =-;—e‘lz| for —o < z < o0,

(484 20 5 )Let X{, X5, ... beii.d. random variables with mean U, and let N

be a positive integer-valued random variable with mean A that is independent of
the sequence (Xy).For n = 1, define S, = X; + -+ X,,. Find E[Sy].

(45 20 4)

A. (10 % )Prove the Markov inequality: if X is a nonnegative random variable

and a > 0 is a positive real number, then

P(X = a) S@.

(&TFR)
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B. (5 %~ )Using the Markov inequality, deduce the Chebyshev inequality: if Y is

a random variable with finite mean and variance then for any & > 0

P(Y — E[Y]] = &) < 22X

=
C. (5 - )Let (X,) be asequence of i.i.d. random variables with finite mean and

variance. Using the Chebyshev inequality, prove the weak law of large

numbers:
X1 +’ e + Xn
n

— E[X;] in probabilityas n — oo.

Z ~ (4% 15 % )Suppose that X is a geometric random variable with parameter 6.
That is, X has probability mass function f(x) = (1 — 8)* for x =
0,1,2, .... Suppose that the prior distribution of 8 in uniform in [0,1].

Determine the posterior distribution of 8 given X = «x.

N> (8515 4)
A. (5 %) Write down the definition of an unbiased estimator of a function g(8)

of a parameter 6.

B. (10 4 )Let X = (X;,...,X,) (where n > 2) be a random sample from a
distribution that depends on a parameter 6, and define g(9) = Varg (X7).

Show that

n

n
(25
n—1c ‘'n J
i=1

=1

is an unbiased estimator of g(8).

(RAEMRLEET)
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SR YL (2ZH %—H)
MKITERA — BT ER(REEHB+ ~ — X% ~/ ~MR-MC~M+ - M-:BH 3
AE)

KA P X H XL ST FHAEAaR o

1. Predict the major product of the following reactions. Be sure to indicate

stereochemistry where applicable. (30%, 3% each)

CH; )(.)K/
0 5 (i) Z
5 CNH PH=4 (@) + H,0 - (b)
(i) ACOH/NaOAG/H,0, A

ﬁ N (c)

> -
T NaNH
a:
Na, NAsl).  1q)
CH4CH,OH
NH
+
0

2 excess NaBH(OAc),
o O  »
CH3CO,H

o (i) NaOEt
1 — (f)
T Et0” “OEt (i) H,0

C=N (i) DIBAL-H

— (9

(ii) HyO"

—————

(ii) HBF 4

: NH, () NaNOp HCI

NaOH .
EtOJK/Br + PPhj a (i) { >0 ()
Hg0 + NaBr

(TFR)
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2. Lacosamide is a medication used for the treatment of partial-onset seizures, and one
of its syntheses is shown below.
(a) Provide the synthetic intermediates (A), (B) and the reagents (C) required to
complete the synthesis. (12%)
(b) According to this synthesis, what is the stereochemistry of lacosamide? (4%)

e 9 H LDA, CH30CH,CI
}LN/”\/N > i 1.\ NH2CH.CeHs  (B)
Ny o THF, -40 °C, 70%
Bn W<
© g
P
I I - H/UT \cl)]/
o)
lacosamide

3. Propose a step-by-step mechanism for each of the following reactions. (25%, 5%
each)

Os_-Ph
MeO CHO MeO Ph
HBF
p 4
PP T
MeO T MeO Ph

(a) Ph

s, /@/Y G ) @/\r
o 0O X
(b) THF, 40 °C

.CO,Me
O/\Nf 2™ 59 Pd(OAC),

I PPhs, Et;N
(c)
CH
CHy :
mSiMeg n-BugNF Q?Z
(d) o DMF, HMPA O H
NHz NBNOQ, H20 CHO
M oo,
(e) HCIO,

(#TFR)
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4. Propose a synthesis to accomplish the following transformations. Give the

structures of intermediated and provide the required reagents. (24%, 6% each)

0 OH
(a) BnO"

(b) /’\Ob é\ﬂ\o
O 0
O =1
(c)
OH
(d) Hoj\/\/\/\ T HO/\/\)\/\

5. Explain the observed equilibrium constants (K.q) of the following ketones A-C with
phenol. (5%)

R
Ketones:
o) 0 o)
Ph Ph g
Ph Ph
PH Ph
B c
A
Keq=6.2 Keq =312 Keq = 83.2

(AR EEe)
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#8 : aHt$ (2—R)
TR A — At AAMORERB+ ~ — X %~ MR~ MC~ Mt ~ N385t

A=
Ao

— (B85 25 %) 8 2019 4K B4 2 R COVID-19 AAFT » 3 AR A 7% 8
R TRER ) BB F o BRERABI(E R ATERRIA) 6 B35 241
FOEZRRM T AR (false negative) | ~ T 4% B4 (false positive) |~ 7 £ 4 |
FAFFRFRANMHEE > FRBE BGRB8 0 BRI 0NTE T4
Rt DA ) AR B AT AL BT AE R £ (erron) RB 0 (15 DA A €48
AR T AR B E 0L R(FIRFR L) FRBEIE ST B ARA
EAaBEFERE (10 )

=~ (85 25 ) B AR R A P Bk 3T (pH meter) 69 B - FA R AR B E
Ko P RAF 0y Bk BT R B HCGRIA A R BB 4 8 R AR NI ERY &
%) » (10 )3t 3% 94 7% B4 3 S+ £ (liquid junction potential) 1A & 1§ & 43
(boundary potential) &) R RS & 5] » AR AR B T4 8] B hofa 45 tH o 4 & 8
B B A (PH)Z T4 R 7 (15 o)

=~ (48925 )4 3 3 3 (Fourier transform) 42 4%, o3& a9 2% st £ 38 1 380
R EFAAEBRNSBLEIRETHLES  Fl oS BAEpnE
(Jacquinot's advantage) » 3t H 5 ® 1 3k & # 45 (Fellgett's advantage) » 25 27,88
AMETHRBRABRABAAEEZHOEL (15 M)ERAM I £ @I 2 4o
77 RA B3 (time domain) ) 48 3% (frequency domain) sy &3 > L4 & 25,8048 1
XRMITHAAEALEREB LA R 210 2)

(85 25 mt-REK ~ FRER A Q-BIRE AN AL F 2B s o4 0 3
SLBA SAR R 0 B B R AT EBAR 5 A 0 (15 )4 F ik P48 94 FR A
(Detection limit) 2 3£ 4F 547 & ik 69 & BAZ 69 > 353090 4o 2 K 18 )45 TR AA 36
st BB B 2 R Z R - (10 %)

(RAEMERALA4a=)



