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(10 points) Determine whether the statement is true or false. If it is true, prove it. If it

is false, give a counterexample to show why it is false.

(a) (5 points) Let f : R — R be continuous and g : R — R be bounded. Then fg
is continuous on R.

(b) (5 points) Let f : R> — R be a function of two variables. If the first-order
partial derivatives fy, f, of f existon R?, then f is differentiable on R2.

(15 points) Let f : R — R be an increasing function such that

fc+y)=fx)+f).V x,y R
(a) (10 points) Show that f is a continuous function.

(b) (5 points) Evaluate 32, f((%)k).

(15 points) The Mean Value Theorem states that : If f is continuous on a closed,
bounded interval [a, b] and differentiable on (a, b), then there exists ¢ € (a, b)
such that

fb) = fla) = f'(c)(b—a).

Please give a rigorous proof of the Mean Value Theorem.

(15 points) Let m = 2 be an integer and f(x) = x™™. Evaluate f; f(x)dx by

taking the limit of the Riemann sums.

(15 points) Let a, b, ¢ be real numbers and {x,},cn be a sequence of real numbers
that satisfies the recursive relation
Xn43 = QXpyz + bxpq +€x,,V REN
with x;,x, and x3 are given.
(a) (10 points) Suppose that the cubic equation t3 — at? — bt — ¢ = 0 has three
distinct real roots «,f and y that are all nonzero. Show that the recursive

sequence {x,}ney has the formula given by

(#TR)
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x,=Da™ + Ef™+ Fy™,V n €N,
for some constants D, E and F. (You don’t need to write down the constants D,
E and F explicitly.)
(b) (5 points) Let {x,}nen be a sequence of real numbers that satisfies the recursive
relation
Hignsy 2 D5 P BNpya i~ 6%, ¥ LE N

with x; =9, x, = 15 and x3 = 63. Determine whether the series Z;’f:lxi
n

converges or diverges.

6. (20 points) Let f(x) =In(1+x),x € (—=1,1).
(a) (5 points) Express f(x) in the form of f(x) = P,(x) + R, (x), where B,(x) is
the n-th Taylor polynomial of f in powers of x and R, (x) is the corresponding
remainder term.

(b) (10 points) Show that élrglo R,(x) = 0 and then expand f(x) as a Taylor series in

powers of x.

(¢) (5 points) Integrate the series to evaluate the sum

- (D 1
"9k+1
Lak(l +1)2

7. (10 points) Let D = {(x,y) € R?|x? + y* < 1} be the unitdiskand f : D - R be

continuous that satisfies

f(ﬁ(x“Y),g(X+y)) =—f(x,y), ¥V (x,y) €D.

2

Evaluate the double integral [f f(x,y)dA.

(RAEER A4 )
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0 -1 1 =l
Problem 1 Let 4= A and 0= Y

1 01

(1) (10 pts) Show that there does not exist a vector x e®’ that satisfies Ax=5.
(ii) (10 pts) Find a vector y e®R’ such that [|[4y—0b]s||4x—-5] forall xe®’.

Problem 2 (15 pts) Let M,(R) be the collection of all 2x2 real matrices. Define

1

0 J Show that 7 is linear and

T:M,(R)—> M,(R) by T(4)= CA- 4", where C =( (1)
find det(7).

Problem 3 (20 pts) Let U be an nxn complex matrix. Suppose U is unitary, that

is UU=1,. Show that |#(U)|<n. What can you say about U if |tr(U)l=n?

Problem 4 (15 pts) Let ¥ and W be two finite dimensional vector spaces and
T:V - W be a linear transformation. Show that 7 is one-to-one if and only if there

exists a linear transformation S:%W —V suchthat ST =1,, where I, is the identity

map on 7.

Problem 5 (15 pts) Let ¥ be an n-dimensional vector space and 7:¥ —»V be linear.

Suppose V,,v,,...,v, are eigenvectors of 7 corresponding to distinct eigenvalues
respectively. Let x=v,+v,+..+v . Show that {x,T(x),..,7""(x)}1s a basis for ».

Problem 6 (15 pts) Let ¥ be a finite dimensional vector space with more than one
element and 7T:7V =¥ be linear. Let ker(7T)denote the kernel of Tand Im(7) denote

the image of 7. Suppose ker(T)=Im(7) Show that T is not diagonalizable.

EL il ¥ )
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< Justify your answers and provide detailed derivations for all the questions.

1. (21%) The random variable Y is called a Log-normal(y, ) distribution if

X =log(Y) follows a Normal(y, 02) distribution with mean p and variance 2.

Recall that the Normal(y, 02) distribution has the density function

_ 1 CEDA
fG) = e exp{~ S5, —o<x <o

(a) (7%) Find the density function of Y.
(b) (7%) Find E(Y), the expectation of ¥.
(¢) (7%) Find the median of Y.

2. (21%) Suppose that X has a Normal(y, 0?) distribution and that ¥ = X + Z,
where Z is independent of X and has a Normal(8,72) distribution.
(a) (7%) Find the marginal density function of Y.
(b) (7%) Find the conditional density function of ¥ given X=x.
(¢) (7%) Find the conditional density function of X given Y=y.

3. (21%) Let X4, X5, ..., X,, be a sample from the density
f(x) =exp(8@ —x), x =0, —0 <0< oo,
where @ is the unknown parameter .
(a) (7%) Find a sufficient statistic for 8 based on the sample Xi,X;, ..., X,,.
(b) (7%) Find E(X) and the method of moment estimate of 6 based on E(X).

(¢) (7%) Find the maximum likelihood estimate for 6.

(T R)
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4. (16%)Let (X;,Y;), i =1,...,n, be observations of X and Y. Assume that Y; =
a+ BX; + g, € isindependent of X; and E(g;)) =0 for i =1, ...,n.
(a) (8%) Find the least squares estimate of (a, ).

b) (8%) Is the least squares estimate of («a unbiased? Justify your answer.
(b) (8%) q (a, ) fyy

5. (21%)In the statistical hypothesis test regarding the mean p of a normal
distribution population with known variance @2, that is, the test Hq: p = 0
against Hy:u > 0, we take a random sample X;,X,,...,X,5 from that population,
and use for our test statistic ¥ = Y72, X;/25. The rejection region is defined by
Y > ¢ with ¢ > 0.Let ®(z) = Pr(Z < z) be the cumulative distribution
function (at a real number value z) of standard normal random variable Z.

(a) (7%) Find the distribution or density of Y under the null hypothesis H,.

(b) (7%) Express the size (the type I error probability) of the test in terms of the
standard normal distribution function ®.

(¢) (7%) Express the power of this testat = ¢ (¢ > 0) in terms of ®.

(RAMRAAEHE)
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stereochemistry of the product carefully.

_0
CPBA NaOH Ki
; i MY s T - e PR
then H NaHCO,
o]
/ oH —H . ()
reflux
=

O
S OH
— e B
ﬁ * 1\ reflux ®
O @
OH 2. CSQ heating
3. Mel
NaOBn
Br (H)
BnOH, heating

G CF3COOH
N3

OMe 1. Li/NH,
THF/{BuOH

2. H*, reflux

(#TR)
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1. (40%, 4% each) Predict the product of the following reactions, show the
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2. (4%) Arrange the basicity of the following substances: CH3CH.C=C,
CH3CH2CH2CHQS_, CH3CH2CH2C02_, CH3CH2CH2CH20_,
CH3CH2CH2CH2NH_

3. (12%) Propose a synthesis from the given starting material to the product.

@ O
? O‘\\/I\/COQMe
o (@]
LEt
(b) é —e d
CH»Ph

4. (18%, 6% for each) The following reactions can NOT work practically. Please
explain why the reaction fails, (2%), and propose a synthesis to obtain the desired
product (4%).

(BE=EREXZEXZFIwERHNEY  FRABMAESEANE Y
(2%) » #1322 T ok AT B TR & M1 (4%)) -

@) © CH3CH,CH,CUAICH ©/CHzCHzCH3
0
2. Ha0%, reflux.

0

o]
©) 1. LiAlHg4, THF
2. H;0".

CO,Et OH

1

(#TR)
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5. (18%) Write a step-by-step mechanism for each of the following reactions.

O R

1. RMgBr ™S "X
2. H;0"
OEt (0]
Wosow HCOOH
MeO MeO

Ar = para-Br-CgHy-

Ar OH OHC,,Ar
: \\\\BI'
NBS, CH,Cl, Q
&g & o
\__/

6. (4%) Draw the 'H and 3C NMR spectra of the commercial available pure
d-dichloromethane, CD,Cl; (99% D), include the pattern and rough chemical shifts.

7. (4%) Determine the structure with the formula C;Hs: 'H-NMR: § 2.0-2.2 (m, 2H),
8 3.5-3.7 (m, 2H), 8 6.7-6.9 (m, 4H); PC-NMR:  50.4 (d), 5 75.2 (t), & 143.3 (d).

(RAMRAEEE)
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1. Please indicate the point group of [Co(ethylenediamine)s]** in an octahedral geometry.

2. Please indicate the point group of (n°-CsHs)2Fe in staggered form.

3. [Cu(H20)s)?" has an elongated tetragonal geometry. What is the 3d orbital with the highest energy ?
4. What is the number of atoms in each unit cell of a body-centered cubic structure?

5.What are the lattice points of a body-centered cubic structure?

6. Use the Born-Harbor cycle to calculate the enthalpy of formation of LiF(s).
Use these data in the calculation: F2 bond energy (dissociation energy) is 158 kJ/mol. The sublimation energy of Li(s) to
Li(g) is 161 kJ/mol. The ionization energy of Lic) to Li'(g) is 520 kJ/mol. The electron affinity of F() to Fg) is -328
kJ/mol. The lattice enthalpy of LiF(s) is -950 kJ/mol.

Please answer the question of 7~9 related to compounds in the figure to the right.

7. Determine the number of valence electrons for compound (A). @ Co

4 Cco
8. How many sets of peaks might appear in the '"H NMR spectrum of compound (B) at @)
very low temperature if hyperfine interaction is not considered?

9. The 'H NMR spectrum of compound (C) at very low temperature displays four sets of peaks. Please indicate the ratio
of intensity for these four sets of peaks.

10.Please predict the base strength in the gas phase of a) NHMez, b) NH2Me, c) NMe3 and d) NH3 in increasing order.

(2) (b)

11.Complex X is shown in the figure to the right. Please predict the order of the bond distances for /

. co co
different CO groups (a, b, and c). ke i W
0C™|*co g¢”| “co

PMe, } PMe;

t
0
C

12.Please sketch the & bonding interactions between two metal d orbitals in [Re2Cls]* as shown in the Comp(l?x .
figure to the right.
cl, cl
CIQ}?E%R e/ :\\C|
mﬁg \c;’CI

=. F&8E (40%)

(I) Please answer the equations for a 3dx2-y2 orbital whose angular wave function is shown to the

right. (10%) yl \/E <’ —-zyz)
1. Please sketch dx2y2 orbital and indicate angular nodal surfaces of this orbital. i &

2. What are equations for angular nodal surfaces of this orbital?
3. How many radial nodes does this orbital have?

(#TR)
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(IT) Please answer the following questions regarding molecular orbitals of H20. The atomic orbitals of oxygen are 2s, 2Px,

116

2Py, 2P,. The atomic orbitals for two hydrogens are 1S. and 1Sp.  Please note that the C> axis is chosen as the z axis and

the xz plane as the plane of the molecule. (10%) —_ P
linear, . i 105
C» | E |C2(2)|ov(xz)|0v(y2z) . quadratic R
rotations 1Sa 1Sb
—— — g
Py P
A |1 1 1 1 7 2,52, 2 skt
== 03
Az | 1 1 -1 -1 Rz Xy
—_—
Bi 1 -1 1 -1 X, Ry XZ -
28 —_—
B2 | 1 -1 -1 1 Y, Rx yz
AOsof O MOs of H20 AOsof H
1. What is the wave function for ¢1? ( The coefficients on the atomic orbitals do not
have to be considered here. )
2. What is the LUMO orbital?
3. What is the wave function for ¢4?
4. What is the irreducible representation of the symmetry for ¢4?
5. @6 orbital mainly consists of 2Px, 1Sa and 1Sp atomic orbitals. Please sketch the molecular orbital of @67
(IIT) Please answer questions regarding Fe(III) complexes with a trigonal bipyramidal geometry. (10%)
1. Please draw the d-orbital splitting diagram
2. Please label d-orbital in the diagram
3. Please write down all possible spin states of iron centers while binding to different types of ligand.
(IV) The formation constants of Ag" with halide ligands are Br'> Cl"> F- Formation Constants (log K)
while, in contrast, the formation constants of Cu?' with halides are F- NH, F~ c1- Br~
> CI" > Br". Please explain the differences. (5%) Ag* 3.30 —0.17 3.08 430
Cu? 4.24 0.9 0.09 -0.07

(V) The isoelectronic ions VO4*, CrO4> , MnOy all have intense charge-transfer transition bands. The wavelengths of these
transitions increase in this series, with MnO4™ having its charge-transfer absorption at the longest wavelength. Please

explain this trend. (5%)

(KA RAEH9)
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