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— ~ (25 points) Please refer to the figure below, a metal rod of radius 7 is concentric
with a metal cylindrical shell of radius #; and length L. The space between rod and
cylinder is tightly packed with a high-resistance material of resistivity p. A battery
having a terminal voltage v is connected as shown. Neglecting resistance of rod
and cylinder, derive expressions for (a, 10 points) the total current Z, (b, 10 points)
the current density J, the electric field E at any point between rod and cylinder,

and (c, 5 points) the resistance R between rod and cylinder.

=~ A man holds a ball of weight w=0.25 Ib at rest in his hand. He then throws the ball
vertically upward. In this process, his hand moves up 2 ft (feet) and the ball leaves
his hand with an upward velocity of 48 ft/sec. What is the force F with which the

man pushes on the ball? Note, you can use g=32 ft/s* in calculation. (25 points)

= ~ (25 points) In a double-slit experiment, the wavelength X of the light source is 405
nm, the slit separation 4 is 19.44 pum, and the slit width @ is 4.050 um. Consider
the interference of the light from the two slits and also the diffraction of the light
through each slit. (a, 10 points) How many bright interference fringes are within

the central peak of the diffraction envelope? (b, 10 points) How many bright
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fringes are within either of the first side peaks of the diffraction envelope? (c, 5
points) Draw the interference plus the diffraction fringes for the center peak and

the two side peaks next to the center peak.

(25 points) If a spherical solid non-conductor of radius R has a uniform charged Q
distributed in the sphere. (a, 10 points) What is the electric field at a distance r
outside the sphere, (b, 10 points) and the electric field at a distance r inside the
sphere. (¢, 5 points) Draw the relation of electric field as a function of distance

from the center. (Please use blue or black color)
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—~ (485 25 p)B s — 5k F o9 4% 48 & (Hamiltonian) %

2

k %2 . - - = 3 A s
H=—+— %t m RTEE k HBREAR R BB - D AH

Zm

—_—

E. o
(=) Sl LFAHF a° THEEM Q, HLEREBRR
At A 1
H=ho(ata+1) - (15 »)
(=) it — %R TFHABRE E, -

ie., H|0) = Eo|0) - (10 %)

= (B 25 pRBESER (ER)

Ox = [(1) (1)]'55’ - [? Bi]’ﬁz B [é __01],1“= [(1) (1)]’
BAVTRAER » £ & F 52 (Cartesian) BAZ 42408 T H Fax EH
(vector Pauli operator ) | :

G=6c8+6, 8 +6, ¢ ,
BE e e, e, RELGTAARAGHARGE - B9 > BRBEZ 4
FTREZBASMNNEZ—BEER -G E d> 3L

(6-a)(

=1

Dy
Qpy
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© (85 30 P)BAIEKA |x) Fo |p) HIRBRALAE R FEHE P HAEHEY

AETE v ie., X[x)=x|x),plp) =plp) -

(=) HRFBHEA T =T-il-dv- S% T AR@EH, h 2EH
AL H BB EERORIL S 2p) = ihZ[p) - (15 )

(=) HEBRBEEGHBELE BT ERM i,

() = (xlp) = = dpe n (pl) - (15 )

© (48 20 )l ds B-F u#k (Stern-Gerlach) T8 ¥ > 5 31X F @ R 4E )

RLFPTERO B F RN  HAIT R B D] L 15BI7 9 (BREBRY L
£)°?

(=) HAHERFREGAE Na'' RF@mk - (10 4)

(=) AR FRABEALE Nal® RFmm - (10 )
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1. (20 points)
. sin@
(a) Prove lim 5

=1 by geometric methods and without using L'Hopital's rule.

(10 points)
1-cosé@

(b) Evaluate lim without using L'Hoépital's rule. (5 points)

(¢) Find the derivative of f(x)=sinx according to the definition of the derivative.
(5 points)

2. (10 points) The region R is enclosed by the lines y=x, y=2-x and =0,
Find the volume of the resulting solid by rotating R about: (a) y =2 (5 points)
and (b) x=3. (5 points)

. B X
x—2
definition of the limit of a function. (15 points)

3. Find the limit lim a and prove your answer according to the &—6

4. (15 points)
(a) Find the length of the astroid defined as:x =cos* 0, y=sin’*0 where
0<60 <27, asshown in the figure below. (5 points)
(b) Find the coordinates of the centroid of the first quadrant arc of the astroid
defined in part (a). (10 points)
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5. {a.f7, isa sequence of real numbers that satisfies a, > 0 for each 7 and 2.a,

n=]

diverges. Show that Y.

n=1

(+a)1+ az) (+a) converges, and find its sum.

(15 points)

6. Find the area of the region enclosed by the curve y =+/|x| and the line 5 y=x+6.
(15 points)

7. Suppose Ixz (Inx)’dx = Ax*(Inx)* + (Bx* + Cx* + Dx + EY(Inx) + Fx’ + Gx* + Hx + K.
Find the value of 4+ B+ F. (10 points)
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1. (30pts) Prove or disprove the following statements.
(a) Suppose A and B are 3 X 3 real matrices. If AB = —BA, then A or B is not
invertible. (10pts)
(b) Let f(t) be the characteristic polynomial of an n X n matrix A. Then
f(A) =det(A — AL = 0,
where I, isthe n X n identity matrix. (10pts)
(c) Let V be acomplex vector spaceand T : V = V be linear. Then T is
diagonalizable if and only if T? is diagonalizable. (10pts)

2. (20pts) Consider V. = P,(R) be the collection of all real polynomials of degree

less than or equal to 2. Define an inner product on V by

i
<ﬂg>=Lfamumm

for all f(x), g(x) in V.

(a) Verify <, > isreally an inner product on V. (5 pts)

(b) Find an orthonormal basis {p,(x), p1(x), p2(x)} for V such that the degree of
pi(x) 1s i for i = 0,1,2. (10 pts)

(c) Suppose {qo(x), q1(x),q>(x)} is also an orthonormal basis for V such that the
degree of g;(x) is i for i = 0,1,2. Show that q;(x) = p;(x) or q;(x) = —p;(x)
for i = 0,1,2, where {po(x),p;1(x),p2(x)} is the basis in (b). (5 pts)

3.(15pts) Let V and W be finite-dimensional inner product spaces, and let T :
V' — W be linear. Show that if T is onto, then TT* is invertible.

(B&TFR)
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4. (15 pts) Let V be a finite dimensional complex vector spaceand T : V - V be
linear. Suppose
p(z) =cpz™ +cp_12™ 1+ -+ ¢
is a polynomial with complex coefficients c;,i = 0,1, ...,n. Let
U=pT) =cyT"+ 1TV + -+ ¢yl
Show that p is an eigenvalue of U ifand only if u = p(1) for some eigenvalue A
of T.

5. (20 pts) Suppose f : R® —» R* be a function that satisfies ||f(x) — f()|| =
llx — yll for any vectors x,y in R>. Show that there exist a unique vector v and an

orthogonal matrix U such that
f(x) =v+ Ux

for any vector x in RS3.
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— ~ (#8420 %) Consider the Gamma distribution with parameters a, 8 > 0. The

p—
—

m.] ~

probability density function is given by

(04
fG @) = s hexp(-p), x>0
(a) Derive the moment generating function (MGF) of the Gamma distribution. (7
)

(b) Use the MGF obtained in (a) to derive the mean and variance of the Gamma
distribution. (6 %4~)

(c) Let X ~ Gamma(a,,f) and Y ~ Gamma(a,, ) be two independent
random variables. Show that the sum of X and Y is also a Gamma random

variable. (7 %)

» Let X bearandom variable with moment generating function My(t), —h <t <

h.Prove that P(X > a) < e ¥ My(t), 0 <t < h. (10 %)

=~ Let X4, ...,X, bei.idrandom variables from N(u, %) and

n n
1 _p I |
52=-—Z(Xi—X) o x=-)x,
n—1¢« n 4
1=1 1:1
(n—-1)s2 2

Show that ~ x&_1. (10 %)

gl

(484 20 4) Let X4, ..., X, bei.i.d from Unif(0,1) and Y = min(Xy, ..., X,,).
(a) Derive the probability density function of Y. (10 4)
(b) Find the asymptotic distribution of nY. (10 %)
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A~ (485 20 o) Let Xy, ..., X, beiidrandom variables from N(u,o2) where o?
is known and

}? = Xi'

n
i=1

S|

‘/ﬁ(‘: .. is a pivotal quantity for p. (10 %)

(a) Show that Z =

(b) Derive a (1 — a)100% confidence interval for p using the pivotal quantity
in (a). (10 %)

S
’

(484 20 %) Let Xy,...,X, be iid random variables from Exp()), where the

probability density function is given by

f(x;/l)=/1_1exp(—%), x > 0.

Consider testing the null hypothesis Hy: 1 = A, against the alternative

hypothesis Hy: A # A,.

(a) Derive the likelihood ratio test statistic. (10 %-)

(b) Derive the asymptotic distribution of the likelihood ratio test statistic under the
null hypothesis. (10 %)

(RAEAERAELE)
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1. (14pts) Compound A1 undergoes a series of transformations to produce B1, C1, D1,

and E1 (CioHis) as the major products in the following scheme. The same scheme can

also be applied to compound A2, B2, C2, D2, and E2 (CioH1s). (Hint: stereochemistry

is very important here.)

CH\ reagent F Cﬁ\ NaBr O\)\
A1 —
CEI_:2§I2 OTs DMF s Br
‘OH A1 or A2 3 B1 or B2 C1or C2
H,S0, NaOEt
A2 heat EtOH
g OH ;‘ D1 or D2 E1 or E2
— C’IOH18 C10H18

(a) What is the chemical structure of reagent F? (2pts)

(b) Predict the structures of product C1 and C2. (2pts)

(¢) Predict the structures of the major product D1 and D2. Compare the rates of reaction
Al to D1 and reaction A2 to D2. Explain briefly. (5pts)

(d) Predict the structures of the major product E1 and E2. Compare the rates of reaction

C1 to E1 and reaction C2 to E2. Explain briefly. (5pts)

2. (10pts) Four alkyl bromides were subjected to hydrolysis in a mixture of ethanol (80%)

and water (20%) at 55°C, the rates of the reaction showed the following order:

(%TFR)
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(CH3);CBr > CH;Br > CH;CH,Br > (CH;3),CHBr

(a) Provide an explanation for this order of reactivity. (4pts)

(b) Use reaction energy diagrams to explain the reaction rates difference between

(CH3);CBr and CH;Br. Draw key transition state(s), inter-mediate(s) and label key

free energy items in a relatively comparable manner. (6pts)

3. (9pts) When furan (C4sH40O) and maleimide (C4H3NO,) undergo a Diels-Alder reaction
at 25°C, the major product is the adduct A. When the reaction is carried out at 90 °C,
however, the major product is another adduct B. The adduct A and B are different
isomers.

(a) Use the molecular orbital (MO) theory to describe this Diels-Alder reaction and

predict two possible isomers. (4pts)

(b) Use the reaction energy diagram to explain how different temperatures affect the

product distribution using. Predict the structures of product A and B under different

temperatures. (5pts)

4. (12pts) Both 1,2-diols or a-hydroxy carboxylic acids, as shown in the following

examples, can be protected by acetone (C3HgO).

acetone OH acetone
o e OH BSElONS. o e
@]

_diol
lud-dle a-hydroxy

carboxylic acid

(%TFR)
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(a) Provide structures of A and B in the corresponding boxes. (2pts)

(b) When acetone is replaced by 2,2-dimethoxypropane (CsH;,0,), the formation of A

gave a better yield even under milder acidic conditions. Provide a mechanism and

explanation of these outcomes. (4pts)

Interestingly, under basic conditions, compound B is not stable and can undergo

esterification to afford compound C and D in one step as shown below.

©/\OH
B —m » C + D

base  (CgH100s)  (CaHgO)

(c) What are product C and D? (3pts)

(d) Provide a mechanism to explain this transformation from B to C and D. (3pts)

S. (7pts) Compound B and C can be prepared from A through the following synthetic

scheme.

0 Ha, Pd/C

g
&\/CN \

A

ar

(a) Provide a mechanism for the transformation of B from A. (Note: you do not need to

give the mechanism of H,+Pd/C) (3pts)

(b) Provide a synthetic scheme to prepare C from A. (4pts)

(#TR)
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6. (12pts) Compound C can be prepared through the following synthetic scheme.

OH
NH,
H.SO
e H,O
CO,H

o-xylene A B 4

(a) Provide a mechanism for the transformation from B to C. What is the driving force

of this transformation? (4pts)
(b) Compound A is activated into the transient intermediate A’ during the

transformation from A to B. Complete this transformation and give a mechanism to

explain how A is activated into A’. (4pts)

(¢) Provide a synthetic scheme and to prepare A from o-xylene. Give a mechanism to

explain how one carbon is lost in this transformation. (4pts)

7. (8pts) The following transformation from A to B occurs in given conditions.

Q@ 0 (1) NaOEt Q 0
.
Oom e~ (o
A B

(a) Suggest a reasonable mechanism and explain its driving force. (4pts)

(b) Outline a preparation scheme of compound A from cyclohexene. (Note: methyl

group is from CHsl) (4pts)

(T R)
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8. (8pts) Provide synthetic schemes with proper reagents for the following

transformations. (4pts each)
CHj

(@) NH (b)
’ Br Br CHj, CN
S —
NO, F

Br
9. (20pts) DEHP (Cp4H3304) is a common plasticizer that can be added to plastics to

increase plasticity. However, it is also an environmental hormone that can interfere with
endocrine function. Therefore, its legal usage must be strictly controlled, and it must not
be misused as a food additive. In industrial synthesis, A (CsH150) and B (CsHeO,) are

combined under condition C to produce DEHP and the byproduct H,O.

A (CsH;30) can react with sodium metal to produce hydrogen. A can also react with

cold KMnOj4 solution to form D (CsH;60,). D has only one chiral center. [£ D undergoes

decarboxylation, eliminating COy, it will form n-heptane ( C7Hjs).

(a) What functional group does A possess, and determine the degree of the carbon

atom to which this functional group is attached? (2pts)

(b) Provide all possible structures of D. (2pts)

D can be prepared from E (C7H;sBr) with CO,.When treated with sodium ethoxide,
E produces a mixture of alkene Fs (C7H,4), which all exhibit cis-trans isomerism.

(¢) Provide the chemical structure of E and F. (4pts)

(d) Based on all information from (a) to (c), deduce the chemical structure of A. (2pts)

(T R)
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In industry, the preparation of A is more straightforward and can be generated solely

from an open-chain (acyclic) four-carbon compound G ( C4Hs0).

(e) Provide a synthetic scheme to prepare A from G. (3pts)

B (CsHsO4) is an acidic substance with two functional groups that have measurable
pKa values of 2.89 and 5.51, respectively. B does not decolorize bromine water or

neutral potassium permanganate solution. B can form an acid anhvdride.

(f) What is the chemical structure of B? (2pts)

(2) Provide the condition C and the structure of DEHP, along with the correctly

balanced reaction equation for the preparation of DEHP from A and B. (2pts)

(h) Draw all possible stereoisomers of DEHP. Which of these isomers are chira]?

(3pts)
G AEHT)
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AE)

=~ (885 25 )RR ARKRS T 0 A8 B (transducer) HEME AL - £ AL
BILER POMERMERE > RABERBEFHA MY FH It R IEN -
HLBAEFLCBORAFTR - BARABRRTrAATE (FFH) BHKE
7 KHE -
(—) FHEBETFR (FFE) B BHABRBEARIL B LRI« FRBEE
TRUE - BRAABER LHER - (15 9)
(=) AfT—i % Lo A F R MRS Bk A REA 4 o384 2 (10 &)

=~ (485 25 )3 3 EARAR A Bk 3 A RE P A A 48 7 4 (liquid junction
potential, E;) A & % R E 4 (boundary potential, Ey) & & 0474 5 04 BL il B
& (pH) & A #BEARBE pH> C40 £ EHREMAE.~0200V £ RE
BB RERTAF H A2 K o F NI 5% pH=7.00> BIF 2T E L Eca=0.415V
A A
(—) B ERAFRBEAESHF TR G RR(B EILL R/ e85 M B % );

HARBREMTEAEREMAOHMKAHEETL - (15 9)

(=) AR 2ELEMMIFEIIEZRL pH - (10 2)

=~ (%8525 o)
(=) ZoHERBEF  EFRENRELBRAE G ERARENEL SR
T & 5@ iE& % (high-pass filter) $1/Ki@ 8% £ (low-pass filter) » i
GHEZFHRCER  BHHEOEBRBAB AR EER - (15 9)
(=) AFHRER Y FREFHEGBRATHEH TR EB L RE SB35
1 ATHEF AN TR T E B FHBIEE S A B394 25 %)
2. ATAE A T2 T HBMBIER B A %I H 205 o)

w9~ (485 25 o) R T RIUCE IR (Atomic Absorption Spectroscopy, AAS ) #42%
BP0 BB (4o F Z248%, Hollow Cathode Lamp, HCL ) 2 & 454
AR TR L ERES ARG R T TR E LS4 - FF84 - 3%
SR BT AAS R BRI FLEME A T RRFE (source modulation) |
FAT > PR E AR S ~ MR BRI P A (1S 4) 0 3T
HEEFBI T A - (10 4)
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