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1. (20%) A string under a tension of 50.0 N is used to
whirl a rock in a horizontal circle of radius 2.50 m at a
speed of 20.4 m/s on a frictionless surface as shown in
Figure 1. As the string is pulled in, the speed of the rock

increases. When the string on the table is 1.00 m long

and the speed of the rock is 51.0 m/s, the string breaks.
What is the breaking strength, in newtons, of the string?

2. (20%) A pendulum of length L and mass M has a spring of T [
force constant £ connected to it at a distance % below its point g
{

of suspension (see Figure 2). Find the frequency of vibration L]

of the system for small values of the amplitude (small 8).

Assume the vertical suspension rod of length L is rigid, but

ignore its mass.

Figure 2

3. (20%) A uniformly charged rod of length L and total charge O lies along the x axis
of an x-y plane at the interval between 0 < x < L.
(a) Find the components of the electric field at the point P on the y axis which lies
at a distance d from the origin of the x-y coordinate. (10%)
(b) What are the approximate values of the field components when d > L ?
Explain why you would expect these results. (10%)
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4. (20%) A long, cylindrical conductor of radius R carries a current / as shown in
Figure 3. The current density is .J, however, is not uniform over the cross section of
the conductor but rather is a function of the radius according to J=br, where b is a
constant and r is the radius. Find an expression for the magnetic field magnitude B
for the following two scenarios : (a) at a distance 7; < R and (b) at a distance r; > R,

measured from the center of the conductor. (10% each)

Figure 3

5. (20%) A conducting rod moves with a constant velocity in a
direction perpendicular to a long, straight wire carrying a

current / as shown in Figure 4. Show that the magnitude of the

emf generated between the ends of the rod is
| 1] = toVIL
2mnr Figure 4
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1 0A
HUAHD+ G - £F 0 A
FEEIENR WML RTETHLIFRALAENS ML G EAR

RETHAETHNEF @ (A) RTHEHATHE -

(Heisenberg) AT i3k p Ao V 231 &F 4 4t §) Fofehs -

(=) A T(A) = (A HD) + ) - (15 5)

(=) W - (p) =(—2) - LERAN » MLMAIE S8 SR -
(10 %)

= (B2 )RR THRIALE A HBIRTOEERAME [n) =Y, (x) P>
RAEE n=0 0> REXMRETEIRRAFIME h/2 K > 4528
Gt BAFAL > FTERZTHREZ ME - R HEBLTHRE
ﬁ%$&ﬁﬁwuw=aM°E¢wM%§a?u%&%%ﬁﬁ°%%:

h . . |k
X = /5;5(a++-a_),;a::1/Jgf(a+-—a_)o

(=) FIHEARRE |a) PAHREM (x) ~ (x%) ~ (p) F2(p?) - (16 &)
(=) HFHERMEBRBEORERE 0 P 0, EHEHAo,0, = h/2 -
O %)
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(=) FHABERAHESE S, B Sy, 98 ME - (10 &)
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1. (15 points) Use the fact fooo sinx/x dx = m/2 to show that
(a) (7 points) - |
J’ *sinx cos x T
0

dx = —.
X * 4

(b) (8 points) Obtain

fmsinzxd
x:
2

6 X

NS

2. (7 points) Let [-] be a gauss symbol. Use a Riemann-Stieltjes integral to derive

the following formula:

n
1 1 LE'
kZ:lE;=nS_1+3L xs+1dx for any s # 1.

3. (8 points) Define

(e o]

co)= [ e

sin x

fi j
. dx for y >0

Show that G'(y) = —1/(1 + y?).

4. (15 points) Find a general solution of the differential equation:

(x = 2y)dx + 2x + y)dy = 0.

(#%TR)
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5. (15 points) Let

o

fx) = Z n’x™

n=1

for any |x| < 1. Calculate the value f(1/2).

6. (10 points) Find a series of polynomials f(x) = ¥%_, p,,(x) which satisfies that

f(x) isconvergent for |x| < 1 but chlrri f(x) #Xm=1pn ().

7. (15 points) Let ag =1 and a, = a,_; — ad_,/6. Calculate lim vn a,,.

n—0o

8. (15 points) Let f(x) be a continuous function on [0,1], £(0) = 0, and f(1) = 1.
Assume that f' and f” existand f” >0 on (0,1). Show that f(x) <zx for

any x € (0,1).

(KB R AET)
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1. (20 pts) Let V' be the complex vector space of functions spanned by the basis a =
{1,x,sin(x),cos(x)},and let T be the differential operator defined on V by
T(f(x)) = f'(x).

(1) Find the matrix representation of the operator T with respect to the
basis a. (10 pts)
(2) Find the Jordan canonical form of the operator T. (10 pts)

2. (20 pts) Let T be the rotation around the unit vector (%,%,:3-2—) by 30°

counterclockwise in the real space R3,

(1) Find the matrix representation A of the rotation T with respect to the
standard basis {(1,0,0), (0,1,0),(0,0,1)}} of R3. (10 pts)
(2) Find all 3%3 real matrices that commute with A. (10 pts)

3. (20 pts) Consider the following sequence defined by a; = 3,a, = 4, and a, =
apn-1 +6a,_, forall n = 3.

(1) Find a matrix A such that:(aaﬂ

=1

= A(%-1)forall n> 3. (5 pts)
an -2

(2) Find the general formula for a,, . (15 pts)

4. (20 pts) Let A and B be two commuting n X n complex matrices acting on the
complex vector space C™.
(1) Prove or disprove that every A-invariant subspace is also B-invariant. (5 pts)
(2) Prove or disprove that every eigenspace of A subspace is also
B-invariant. (5 pts)
(3) Show thatif A and B are both diagonalizable, then they can be

simultaneously diagonalizable. (10 pts)

(%TFR)
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5.(20 pts) Let A be an n X n positive-definite matrix.
(1) Write down the definition of a positive definite matrix. Do all diagonal
entries of A have to be positive? Justify your answer. (10 pts)

(2) Show that there exists a unique positive-definite matrix B such that B2 = A4,
(10 pts)

(RAEEREuE)
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1. (30%) Single choice for each of the following questions.

(1)

(2)

€)

(4)

(3)

Which of the following correctly lists the conformations of cyclohexane in order
of increasing energy? (2%)

(A) chair < boat <half-chair < twist-boat

(B) chair < twist-boat < half-chair < boat

(C) half-chair < boat < twist-boat < chair

(D) half-chair < twist-boat < boat < chair

(E) chair < twist-boat < boat < half-chair

When methanol (CH3OH) acts as a base, its conjugate acid is ? (2%)
(A) CH,OH

(B) CH;0"

(C) CH4OH

(D) CH;0H,*

(E) CH4,0"

In the lowest energy conformation of the compound shown below, how many
alkyl substituents are axial? (2%)
(A)0

(B) 1 wCH3
& O
(D)3 (HsC)HC" “'CH,CHj
(E) 4

Which of the following compounds is chiral? (2%)
|
cl, Br H Br-. H
] B c i D (E) c=c=cy M
(A) [( (B) Ab (©) c./\"Br (D) Br pee=ey
Br Cl Br Br

What is the IUPAC name of the compound shown below? (2%)
HaC CH,CH,
cI\__ /"l

(A) (15,35)-1,3-dichloro-1-ethyl-3-methylcyclopentane
(B) (1R,35)-1,3-dichloro-1-methyl-3-ethylcyclopentane
(C) (1R,45)-1,4-dichloro-1-ethyl-4-methylcyclopentane
(D) (1S,3R)-1,3-dichloro-3-ethyl-1-methylcyclopentane
(E) (1R,3S)-1,3-dichloro-1-ethyl-3- methyl- cyclopentane

(T R)
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(6)

(7)

(8)

©)

(10)
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Which of the following solvents could be described as polar aprotic? (2%)
(A) ethanol

(B) methylene chloride

(C) acetonitrile

(D) THF

(E) diethyl ether

Rank the following species in order of decreasing acid-dissociation constant: (D
methanol, (II) ethanol, (I1I) 2-chloroethanol, (IV) #-butyl alcohol, and (V)
phenol. (2%)

(A V>TI>1>11>1V

(B)YV>IV>II>1I>1

OM>V>1>1V>11

D)V>I>TI>11>1V

(E)II>IV>V>I1>1

Which of the following compounds is suitable solvent for Grignard reactions?
(2%)

(A) (CH3),0

(B) benzene

(C) methanol

(D) acetone

(E) chloroform

Which of the following compounds can be reduced by LiAlH, to form primary
alcohol? (I) Aldehyde, (II) ketone, (III) alkene, (IV) acid, and (V) acetylene.
(2%)

(A) I only

(B)Iand II

(C)Iand IV

(D) Il and IV

(E) IV only

Which of the following statements about the heats of combustion of acetylene,
ethene, and ethane is incorrect? (2%)

(A) Acetylene is the best high-temperature flame

(B) Acetylene release the most heat per mole of products formed

(C) Acetylene produced the most heat per mole of oxygen consumed

(D) Ethane produced the most heat per mole of oxygen consumed

(E) The oxyacetylene flame reaches temperatures as high as 3500 °C

(T R)
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(11)

(12)

(13)

(14)

(15)
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Which of the following methods will convert propene to 2-propanol?

(I) H2O/H2504, (IT) BH3¢ THF; H0o/HO *, (I1I) Hg(OAC),, H,0; NaBHa, (IV)
Hy/Pt, (V) Bro/H;0. (2%)

(A) I only

(B) II only

(C)Iand III

(D) I and IV

(E) V only

Which of the following statements about the basicity and acidity of typical
organic compounds is incorrect? (2%)

(A) Acetylene is more acidic than alcohol

(B) Ammonia (NH3) is more acidic than ethylene

(C) Acetylene is more acidic than ammonia

(D) Acetylene can be deprotonated by amide ("NH;) ion

(E) Acetylene can be deprotonated by alkyl lithium

Rank each of the following compounds in order of increasing heat of
hydrogenation. (I) Penta-1,2-diene, (II) pent-2-yne, (III) penta-1,4-diene, (IV)
trans-penta-1,3-diene, and (V) frans-hexa-1,4-diene. (2%)
(A)V<II<IV<II<I

B)V<<IV<C<II<I

(OIV<V<II<II<I

D) I<O<OI<V<IV

(E)IV<V<III<II<I

(Vg(gi;:h of the following aromatic compounds has the lowest resonance energy?
0

(A) Benzene

(B) Pyrrole

(C) Furan

(D) Thiophene

(E) Pyridine

According to Hiickel’s rule which of the following compounds is aromatic?
cyclobutadiene (I), cyclopentadienyl anion (II), pyrrole (1II), imidazole (IV), and
cyclooctatetraene (V). (2%)

(A) II only

(B)IL, III, and IV

(C) IT and III only

(D) and 1V only

(E) All of the above

(T R)



HAFIBFNEYLERRAE

8 - ARILE (2R FwWRA)

2. The IR and MS of an unknown compound A are shown below. Use everything you
know about IR and MS, plus reasoning and intuition, to determine a likely structure
of A. Then show how your proposed structure is consistent with all these spectra.

Namely, you need to explain the major peaks in both IR and MS. (10%)
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3. A compound B with molecular formula CsH1404 exhibits a triplet at 1.3 (6 H), a
singlet at 6 2.6 (4 H) and a quartet at 5 4.2 (4H) in its '"H NMR spectrum. Its IR
spectrum shows a strong absorption band near 1740 cm™ and 1250 cm™'. What is the
structure for compound B? Rationalize your assignments including element of

unsaturation and all spectra data. (10%)
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4. (30%) Predict what are the major product(s) or necessary reagents (A to J) for the
following reactions. Include stereochemistry where applicable.

H
(1) @Br NaOCH,CHy (3%)
ﬁ ”CH3 E2
(2) )J\/\/\ HQ(OAC)Z NaBH4 C o
OH B ' (6%)
NH; 5 cl
(3) .
reagents (3%)
OCHs
15 B B i
(4) ..___..Na' NP () E (D) (isomerization) = F (Molecular formula
Bt @) =cho C10H1402) (6%)
® (3%)
< * lCN heat G |
O
peperidine/H* (1) benzoyl chioride
(6) - H - 0
o i (6%)
O
(7) Cf (1) excess PhMgBr:
© (2) H,0 J (3%)

(T R)
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5. (20%) Show how you would accomplish the following synthetic conversion in good
yields. You may use any alcohols containing five or fewer carbon atoms,
cyclopentanol, and any necessary solvents and reagents. Give the structures of

intermediates and provide the required reagents. Be sure to indicate stereochemistry
when applicable. |

(1 C;KA“ (5%)
(0]

CH,Ph
(2) acetylene ——> H——CH
CH,CH; (5%)
CHj
3 Mo S HO OH (5%)
\O/ e CH,CHs
O

@ 19 |
OEt T (5%)

(RAMREue)
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In

(A 25 p)REARBAENR ST AN 4 ¢ k% (monochromator)

R4 35 (detector) ~ 5% & 32 42 3 Bk & & (signal processor and readout) ~ 4 & 48
(sample) ¥ ¥, /R (radiation source) - 354 H 4 4 K~ B, & 6 345K 52 8 ok K45
BR BT Y Ll Rty ZRBEF T K B R RER BRI LE o
(A5 ) FEBAALMEALZ NS ARIE  AMEELR B BEE2WE
% 247 2 (10 )

(885 25 o)t E 4 (calibration curve) &) 2 3L & & B 54 R T AR H — 3R o 3

MEMEAT ZRI ERIFREL G TRIMAZ | 92 ik (external standard
method) ~ P9 4% 7% (internal standard method) #2142 # 7 4o % (standard addition
method) » b HAEHEE - (15 M)FHB LT E T ERBLOEANER
B 0 Rk SRE BMER G o (10 o)

(R 25 ) TEBRMEARTHAGEENABNER A TR EAN

AR POETEERENKPHRES T FEETHRAKF A8
BRENBETRGEH TRAMER S THEAE - SRR ERER A %
FEAFME o (15 9 )ARBATF R L F R > A EH AT E RN K RH
=R R BN TR - (10 o)

(B D )BRARSBEA SN EEMBEARLERYRLCHESHE

ARRAERFTHELRBET > o RBETF - KW LY BAEHOL AR
B G BB E B e Mo B0 R EBERREFER A BB -
F7 AR B e R A2 X BN X3 R B R ko AT e B R R Bk R T 0 3 R
£ 187 € /1 (buffer capacity) o (10 4°)3% 48 B 37,90 45 167 750k 64 48 %, ko 47 %5 45 45 15
B9 o (5 AR BRI ET L BT OE T oM FHBEHERY
RN BT RETREROTERERR - (10 o)

(RAEmERE5um)



	96-普通物理
	97-量子物理
	98-微積分
	99-線性代數
	101-有機化學
	102-分析化學

